
Ergodic Theory and Measured Group Theory
Lecture 4

{

Examples of ergodic transformations .
Irrational rotation

.
let d c- 1-IT

,
IT) be sot

. ¥ c- 112119 .

let IT ± 11212 E S
' and let Ta : IT→ IT be the rotation bgd .

99% Leanna 1 special case at Lebesgue diff. theorem) . For any positively -
measured subset A- c- 10

,
1)

,
there is an open interval I c. 10,1)

sit
.
799% of I is occupied by A , i.e.tl?-ff#-- 0.99 .

Proof
.
Fix 9>0

.
7 an open

UE [0,1) i.t.tl?As.t.HA)/xlu) > 1-{

( take U sit. HuiA) < 1- HAI so ¥¥,=¥¥µmaT > ¥¥+µµ ,
= ¥a > 1-E) .
But U = ¥µIu disjaiit union of open intervals at

¥⇒ = convex combination of H¥¥ .

Indeed
, ¥¥µ=¥uiE"m±i=E¥¥ . .

Hence
,
at least for one u

,
HAN In) > 1-1 here a. w .

✗ Itu)

¥14k convex combo of the = 1- a
,

contradiction
,



Prop . Irrational rotation Ta is ergodic.
Proof

.

Towards a contradiction
,

let A be a II - invariant measurable

sit sit
.

both A at A
'
have positive measure

.

By the 99% Kuna
,
1- intervals lie . segments in S

' ) I alJst
. 99% of I is A I ss% of J is A

'
.

Say 151 E III. Invariance of A
'

implies tht the
translates 1- " 5 of J are still 99% A! We cover

at least half of I by translates of 5
,
so 0.99.12 of I

is A
'

but it's > 1% off
,
a contradiction

.
How do we cover ?

" "

!!!!!;;?
"bit at www.ep.int

ITYi of 5, we can cover [¥-1 -151/11--1

Application to graph coloring .

Recall Gia is the graph of Ta , consider its
undirected version . Then every connected component

is a 7L - line * * * * ⑧ * ☒ * This
,
this graph

-
.
- TITI✗ ✗ Tax TLx . . .

is 2- adorable using Axiom of Choice to pick a starting point from
each of the continuum -

wang coyne
hearts

.



But what if we want a measurable coloring ,
i. e. each color

is a measurable set ? How
many

colors to we need?

We can do it with } colors : '

Bad

,

.

.

ay,
,

,y

"oh"'T 2 measurable colors aren't enough..
. \

.

I Gr
. For an irrational rotation I

,
Gia

is not measurably 2- colorable .
Proof

. Suppose that it is
,
so I set /i.e. awlor)

A s.t.LA = Ñ
.
Rose Ta is measure -

preserving , A at A
' have to have

the sane measure ,
hence HAI- HA

'

)=tz .
But TLA -- A I TLA

'
-
- A
'

,
at

1-2=1-22
, so A is a Tsa- invariant

A. But Tx is still an irrational

rotation
,
hence ergodic . thus, HA)

=D or 1, a contradiction .

One sided shift
.

s : 21N→ IN with
ay Bernoulli measured:=v"Y

where u is a measure on 2=40,17
.
We'll prove a stronger statement

than eryodicitg , namely , mixing .
Def

.
A pimp transformation T: IX. d)→ Him is called mixing



MT"B)
pomp 11

if for any meas
.
A
,
BEX

,
MAAT

-"

B) → MA) -MB) asn→a.

Probability detour . Sets A ,B are called independent if
it /An B) = MAHIM , i.e.MY#--Mffftf-.

So
mixing says ht eventually A al T"B beware almost

independent.

Mixing⇒ ergodic . Let It be a T - invariant
,
so 1-
"

A-A. Take B:=A.

Then MAAT
-"A) → MAY as n→a

"

MAN A) =MA) .
Thus

, MAY = MA) so MAI £10,1) .

Prop . The shift s is mixing .
Proof

.
First we prove this in case A

,
B are basic dopa sets

,

i.e. A -_ [s ]
,
13=11-1

,
where qt c- 24N .

(Define [s) :=/ ✗ c. 21N : ✗ starts with s } .)
Is] : 10µm-11*1*1*1

s

It ) : I 01*1*1141*+1#



1st t

let nzkugkls) . T
-"

It ] =/☒ I#**I * 1*11111011101*1*HE
[s) = [01111101*181*1*1#☒ . . .

G) AT
-"

[t) : -_ 101111101*1*11111011101*1*HE
s t

NIHAT
- "
It))= Miss) - Ma]) .

Her basic doped

For general A ,B , approximate A- I B by finite disjoint
unions of basic dopeu sits (exercise) .


